Non-commutativity of spacetime at the Planck scale may deform the usual dispersion relations.
I. INTRODUCTION
It is realized from the fundamental theory (e.g. string theory) that spacetime structure will become non-commutative at the Planck scale. And it is also believed that inflation can provide a promising framework to probe Planck scale physics through the prediction of cosmological perturbations which arise due to the non-commutativity. There are several attempts to show the effect of the non-commutativity of the spacetime on the cosmological observations [1] [2] [3] .
Spacetime non-commutativity may result in deformed dispersion relations [4] . It was pointed out in Ref.
[1] that these deformed dispersion relations lead to a period of inflation driven by non-commutative radiation instead of usual scalar fields. Its distinct features are thermal fluctuations as seeds for structure formation and the existence of two branches in the deformed dispersion relation. High energy branch ,in which the energy decrease as the momentum increases, leads to an accelerated expansion phase. The resulting spectrum of the cosmological perturbations in this model produced a scale invariant spectrum in the limit w → −1 [5] .
The following section provides a brief review of the non-commutative inflation model and section III gives a detail calculation of the power spectrum in this model. In section IV, we calculate a spectral index and a running of spectral index and then compare with the observational data. And finally we conclude with a brief discussion.
II. BRIEF REVIEW OF NON-COMMUTATIVE INFLATION
The modified dispersion relations for massless particles which result from the space-time non-commutativity,
drive the accelerated expansion of space. Here,
where p and E denote momentum and energy, respectively, α ≥ 1 is a positive constant, and λ, which determines the maximal momentum, has a length scale. While for a low energy branch energy increases as momentum increases, as momentum increases, energy decrease in a high energy branch.
These dispersion relations have two branches for α > 1 (see Fig. 1 ). For the high energy branch, the energy increases as the momentum decreases. This behavior can make it possible to generate accelerated expansion phase.
The energy density with the modification of the dispersion relations is given by
As temperature drops, the equation of state of non-commutative radiation changes from that of an accelerated universe to 1 3 which is an equation of state of ordinary radiation. Thus, there is no need for any period of reheating.
The Friedmann and energy conservation equations for the non-commutative radiation are
For a constant equation of state, the background solutions can be written as
where η is a conformal time (dt = adη). Inflation ends when there are no more excited states on the high energy branch of the modified dispersion relations.
III. DENSITY PERTURBATIONS IN NON-COMMUTATIVE INFLATION
We work in the longitudinal gauge to calculate the density perturbations of noncommutative fluid. In this gauge, the metric takes the form
where the functions Φ (the Bardeen potential [6] ) and Ψ describe the scalar metric fluctuations.
Using the variable v which is defined as [7] 
the equation of motion for scalar metric perturbations takes the simple form
where c 2 s ≡ δP/δρ is a sound speed, δq a velocity perturbation and a prime denotes a derivative with respect to conformal time η. The curvature perturbation ζ on uniform energy density hypersurface, which is conserved on scales larger than the sound horizon for purely adiabatic perturbations, is related to Φ as
Then the power spectrum of ζ is given by
The seeds for large scale structures in this non-commutative inflation model are thermal fluctuations instead of quantum fluctuations which are responsible for structure formation in the conventional scalar driven inflation models. We need initial conditions to calculate completely v k or curvature perturbations ζ k at superhorizon scales. For a fixed scale k, we choose thermal correlation length to impose initial conditions [5] 
since on scale larger than that the interactions are not likely able to maintain thermal equilibrium. Thermal state |θ at time
In the Heisenberg picture, the Hamiltonian H k is given by
The annihilation a k and creation operator a † k at time η are related to those at the initial time η i by the Bogoliubov transformation
where α k and β k are the Bogoliubov coefficients which satisfy the normalization condition
The canonical variable v k and its conjugate momenta π k yields
where
For a power law inflation with a constant w, the mode equation has the following solution
where J ν and Y ν are Bessel functions of the first and second kind, respectively, and we have
The expression of A k and B k can be obtained from the normalization condition for α k and
In the large scale limit, kc s η ≪ 1, Bessel functions have asymptotic form as
where ν = 3(ω − 1)/2(1 + 3ω) from (19). Then curvature perturbation in the large scale limit can be written as
where c k and d k are growing and decaying mode coefficients, respectively. As expected, ζ k has a constant solution in the large scale limit [8] .
Using (16) and (18), the power spectrum (12) of ζ k at the time of Hubble radius crossing can now be calculated as
where we have used z ≃ M p aǫ 1/2 / 4πc 2 s and η i ≃ 1/(a i H i ) and η h ≃ 1/(a i T i ) since kc s = a i T i = a(η h )H(η h ). For later use, we have defined slow-roll parameters
IV. OBSERVATIONS
One important feature of the thermal non-commutative inflation model is the existence of two branches in dispersion relations. This can make it possible to generate accelerated expansion phase and, after a period of inflation, change into the usual radiation dominated phase smoothly. In order to differentiate between non-commutative inflation model and usual scalar field-driven inflation model, it is necessary to constrain the power spectrum of the cosmological perturbations
where n s is a spectral index of the spectrum and α s a running of the spectral index, respectively. Three-year WMAP results [9] show that n s = 1.16 ± 0.10, α s = −0.085 ± 0.043 (26) on the scale k 0 = 0.002Mpc
Here we briefly mention the observational implications of the thermal non-commutative inflation model. It is convenient to use the following relations to calculate the spectral index and its running:
where we have used d ln k ≃ Hdt when the modes cross the Hubble radius. Then the spectral index from (23) becomes
For a constant equation of state (ẇ ≪ w), using Eq. (7) slow-roll parameters become
where we have used ρ ∝ T during inflation to derive Eq. (30). Then the spectral index (28)
This gives a scale invariant spectrum in the limit w → −1 with a slightly red tilt [5] [16] . It seems to be inconsistent with the WMAP three-year data which favor n s > 1 on the large scales.
Using the relations (27), the running of spectral index α s becomes
where we have used a constant equation of state to derive the second line in the above expression. This gives a negative value of running of spectral index which is consistent with the observational data.
Another important observational signature is a non-Gaussianity of cosmological perturbations [10] . Recent study [11] shows that non-Gaussianity at 95% confidence level is in the region
where non-Gaussianity parameter f N L is defined as
Here, subscript g denotes the Gaussian part of ζ. Detection of non-Gaussianity from the future satellite experiment can discriminate between different inflation models.
Interestingly, in Ref. [12] , it was shown that thermal fluctuations may lead to a large non-Gaussianity. The non-Gaussianity parameter takes the form in the thermal fluctuation model
where ρ ∝ T m and L is a thermal length scale. This result implies that as L is smaller, f N L can be larger. The non-Gaussianity in thermal non-commutative inflation model is under considerations. [13] V. CONCLUSION AND DISCUSSIONS
In this paper we have considered the inflation model which arises due to the noncommutativity of spacetime in the early universe and calculated the spectral index and the running of spectral index in this model. Non-commutativity of spacetime at the Planck scale may deform usual dispersion relations. Further, these modified dispersion relations make it possible to obtain a period of inflation driven by non-commutative radiation. While the seeds for large scale structure in the usual scalar field driven inflation model are quantum fluctuations, those are thermal fluctuations in non-commutative inflation. Keeping these in mind, it seems natural to impose the initial conditions at thermal correlation length to maintain thermal equilibrium. In Ref. [5] , it was shown that this inflation model can give a scale invariant spectrum in the limit w → −1.
One of the important features of this model is the existence of two branches. In the high energy limit, energy decreases as momentum increases. This property is crucial in realizing accelerated expansion phase in modified dispersion relations. On the contrary, as momentum decreases, energy decreases in the low energy limit as in usual dispersion relations. Thus, as temperature drops, the accelerated expansion phase change into the usual radiation dominated phase (w = 1/3) smoothly without need of reheating.
It might be worth to find the observational signal of these distinct features of noncommutative inflation model to discriminate from the usual scalar field driven inflation model. We thus have calculated the spectral index and the running of spectral index. With the slow-roll approximation, n s − 1 ∼ −9(1 + w) and α s ∼ −36(1 + w) 2 . These show that power spectrum is scale invariant as long as ǫ, η ≪ 1(or w → −1), which is a necessary condition for occurring enough inflation, and has negative running of spectral index. While the running of spectral index is consistent with data, the spectral index seems to be inconsistent since WMAP three-year data favor n s > 1.
Another important observational signal is a non-Gaussianity of cosmological perturbations whose detection will be an important mission in the future satellite experiment. Thermal fluctuations can lead to a large non-Gaussianity [12] [14] if thermal length scale is smaller than Horizon scale at the horizon crossing. The non-Gaussianity in this non-commutative inflation model is under considerations [13] .
These observational signals can provide the possibility to probe Planck scale physics in the current observations by the induced signals in the spectrum of cosmological perturbations.
inflation period.
